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Quasi-Algebras versus Regular Algebras - Part I 


Afrodita IORGULESCU! 


Abstract 


Starting from quasi-Wajsberg algebras (which are generalizations 
of Wajsberg algebras), whose regular sets are Wajsberg algebras, we 
introduce a theory of quasi-algebras versus, in parallel, a theory of 
regular algebras. We introduce the quasi-RM, quasi-RML, quasi-BCI, 
(commutative, positive implicative, quasi-implicative, with product) 
quasi-BCK, quasi-Hilbert and quasi-Boolean algebras as generalizations 
of RM, RML, BCI, (commutative, positive implicative, implicative, 
with product) BCK, Hilbert and Boolean algebras respectively. 

In Part I, the first part of the theory of quasi-algebras - versus the 
first part of a theory of regular algebras - is presented. We introduce the 
quasi-RM and the quasi-RML algebras and we present two equivalent 
definitions of quasi-BCI and of quasi-BCK algebras. 


Keywords: quasi-MV algebra, quasi-Wajsberg algebra, MV algebra, 
Wajsberg algebra, BCI algebra, BCK algebra, RM algebra, RML 
algebra 


1 Introduction 


The quasi-MV algebras were introduced in 2006 [17], as generalizations 
of MV algebras introduced in 1958 [4], following an investigation into the 
foundations of quantum computing (see [7]). Since then, many papers 
investigated them [21], [1], [14], [13]. 

The quasi-Wajsberg algebras were introduced in 2010 [2], as generaliza- 
tions of Wajsberg algebras introduced in 1984 [5]; they are term-equivalent 
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to quasi-MV algebras, just as Wajsberg algebras are term equivalent to MV 
algebras. The regular set R(A) of any quasi-Wajsberg algebra A is a 
Wajsberg algebra. Remark that any Wajsberg algebra A has in the signature 
an implication + and a constant 1 that verify the following two properties, 
among many others: for all x € A, 

(Re)a>a2=1, (M)l>v=z, 
while any quasi-Wajsberg algebra A has in the signature an implication 
— and a constant 1 that verify the following two properties, among many 
others: for all x,y € A, 

(Re)t>2r=1, (qM)1lo(*#oy)=2rR>y. 

Note that (M) implies (qM) and this is the most important reason why the 
quasi-Wajsberg algebras are generalizations of Wajsberg algebras. 

We have introduced in 2013 [9] many new generalizations of BCI, of 
BCK and of Hilbert algebras, in a general investigation of algebras (A, >, 1) 
of type (2,0) that can verify properties in a given list of properties. Among 
the new generalizations, the most general one is the RM algebra, i.e. the 
algebra (A, >, 1) verifying the properties (Re), (M). 

Based mainly on the results in [2] and in [9] and on the above remarks, 
we have developed a theory of quasi-algebras (including the lists qA, qB, 
qC of (basic, particular, quasi-negation, respectively) quasi-properties, with 
many connections) versus, in parallel, a theory of regular algebras (including 
the lists A, B, C of (basic, particular, negation, respectively) regular pro- 
perties, with many connections). We have introduced new quasi-algebras: 
the quasi-RM, quasi-RML, quasi-BCI, (commutative, positive implicative, 
quasi-implicative, with product) quasi-BCK, quasi-Hilbert algebras and 
the quasi-Boolean algebras, as generalizations of the corresponding regular 
algebras: RM, RML, BCI, (commutative, positive implicative, implicative, 
with product) BCK, Hilbert and Boolean algebras. We have made the 
connection with the quasi-Wajsberg algebras. 


In Part I, the first part of the theory of quasi-algebras is presented, 
including the list qgA of basic quasi-properties and many connections - versus 
the first part of a theory of regular algebras, including the list A of basic 
regular properties and many connections. We introduce the quasi-order and 
the quasi-Hasse diagram - versus the regular order and the Hasse diagram - 
and we study the quasi-ordered algebras (structures). We introduce the quasi- 
RM algebras and the quasi-RML algebras and we present two equivalent 
definitions of quasi-BCI algebras and of quasi-BCK algebras. 


This paper, Part I, is organized as follows: In Section 2, we present 
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the definitions of quasi-algebras versus regular algebras. In Section 3, we 
present an introduction to the theory of regular algebras (part I), including 
the list A of basic regular properties and many connections. In Section 4, we 
present an introduction to the theory of quasi-algebras (part I), including 
the list qA of basic quasi-properties and many connections. In Section 5, 
we present the new quasi-algebras: the quasi-RM, quasi-RML, quasi-BCI 
and quasi-BCK algebras. In Section 6, we present some examples of finite 
quasi-algebras introduced in Section 5. 


2 Quasi-Algebras (Quasi-Structures) 
vs Regular Algebras (Structures) 


Let A = (A,—, 1) be an algebra of type (2,0). Let us introduce the following 
properties: 


(M) 1+2=<a2, forall re A, 

(qM) 1+ (t#> y)=2-y, for all z,y € A, 
(qM(1 > «)) 17> (17> 2) =1-2, forall ve A, 
(11-1) 131=1, 


and let us note that (M) => (11-1). 
Then we have: (VM) = (qM) = (qM(1-2)). 
Indeed, for any x,y € A, 1 > (a > y) () x — y, ie. (qM) holds; then 
1+ (1-2) es x, ie. ((M(1 — z)) holds. 
Besides the set A, let us define the following subsets of A: 


Uf fe sylayec AL VeEtorl|2e A}, Viper eae 1Se5 


Then we have: Vy CV CU C A (see Example 2.1). 

e If property (M) holds, then A C Vjy. Consequently, Vig = V = U = 
A. (see Example 2.2). 

e If property (qM) holds, then U C Viz. Consequently, Viy = V =U C 
A (see Example 2.3). 

e If property (qM(1 > )) holds, then V C Vjy. Consequently, Viz = 
V CU CA (see Example 2.4). 


Example 2.1. Consider the set A = {a,b,c,d,e, f,1} and the algebra 
A; = (A,-1,1) given by the following table: 
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—+,/a b cde fi 
a 1aaaitliiiil 
b 1 1ai#tl1i#titi#iéii 
Cc 1 ail1aitiliiéii 
se Glas oe. se a A 
c l1aoaaiiltiiéii 
f a bc bdiiii 
1|/baocbai#stlii 
Then Vip = {ole V = te, helt c= faved Ay eC A = 


{a, b,c, d,e, f, 1}. 


Example 2.2. Consider the same set A = {a, b,c, d,e, f,1} and the algebra 
A, = (A, 2,1) given by the following table: 
—>2\),a b d 


AAA Ara FIA 
COR ORE KIO 
REE eee Ble 
ee 


eBmoanda7 » 
TTT CToOrF 


so ppp hf 
AAa0 Se ee 


Then Vy = V =U = A= {a,)b,c,d,e, f, 1}. 


Example 2.3. Consider the same set A = {a, b,c, d,e, f,1} and the algebra 
As = (A,-3,1) given by the following table: 


->3/a b cde fi 

a 1aaaitl1iiii 

b 1 1aiti1i#ti1i#i1ii 

Cc 1atla#til1iiii 

As Cet Ge. We? Gh, I 
e 1 aaaitlitiliéiil 

f a bc bait iil 

1 a b cbaliil 

Then Vu _ Vv = U a {a, b, C, 1} ex A = {a, b, C, d, €, f, 1}. 


Example 2.4. Consider the same set A = {a, b,c, d,e, f,1} and the algebra 
A, = (A,-4,1) given by the following table: 
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+4/a b cde fi 

a 1aaaiil1i#ti1ii 

b 1 1aiti1i1éi1iidi 

Cc 1atlaii1i#itiii 

As cli tat tf 2 a 
e l1aaatltiéii 

f }a b ec bdiiii 

1 ta beobaitliéiil 

Then Vig = V = {0.0.61} CU ={a,b.e70,1}C A= {o, b,c. 0.e, 7,1}. 


Remarks 2.5. 

(i) In all the above examples, the property (11-1) is fulfilled. 

(ii) All the algebras of classical logics and of non-classical logics verify 
property (M). They will be called ”regular algebras” in the sequel. 

(iii) The quasi-Wajsberg algebras introduced in [2] verify properties (qM) 
and (11-1) and the quasi-MV algebras introduced in [17] are term equivalent 
to quasi- Wajsberg algebras. Therefore, we shall develop in the sequel a theory 
of quasi-algebras as those algebras having a subreduct (A,—,1) verifying 
(qM) and (11-1) or term equivalent to such algebras. But note that someone 
can develop a theory of say ” generalized-quasi-algebras”, as those algebras 
having a subreduct (A,—,1) verifying properties (qM(1 —> )) and (11-1). 


2.1 Regular Algebras (Structures) - Definition 


Let A = (A,-, 1) be an algebra of type (2,0) through this subsection, where 
a binary relation < can be defined by: for all x, y, 


e<yfh 2 syHl. (1) 


Equivalently, 
let A = (A,<,-,1) be a structure where < is a binary relation on A, —> is 
a binary operation (an implication) on A and 1 € A, all connected by: 


g<yercoy=l. (2) 


Let us consider the following properties: 
(M) 1>2=2, for allze A, 
(11-1) 131=1, 
where (M) => (11-1). 
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Definitions 2.6. 

(1) The algebra (A, —,1) (or, equivalently, the structure (A, <,—, 1)) 
is called regular, if it satisfies the property (M). 

(1’) Any algebra (structure) A’ = (A,o) whose signature o contains —, 
1 (<, —, 1, respectively) is also called regular, if it satisfies the property 

(1”) Any algebra (structure) A” = (A,7) which is term equivalent to a 
regular algebra (structure) A’ = (A,c) is also called regular. 

(2) The implication — from a regular algebra (structure) is called 
regular implication. 

(3) The binary relation < of a regular algebra (structure) is called 
binary regular relation. 


Remark 2.7. By (M), we have that: Vy = V = U = A and this is the 
basic, definable property of regular algebras (structures) - see Example 2.2. 


Note that Boolean algebras, MV algebras, Wajsberg algebras, BL 
algebras, MTL algebras, residuated lattices, etc., Hilbert algebras, BCK 
algebras, BCI algebras, BCH, BCC, BZ, BE and pre-BCK algebras and all 
their generalizations introduced in [9], up to RM and RML algebras (the 
most general), are all regular algebras (because there exists a binary relation 
< determined by an implication — and a constant 1 verifying (M)). 

Note that, for example, lattices, in general, are not regular algebras 
(because the lattice order <, in general, is not determined by an implication 
and a constant 1); but there exist, in particular, the “regular lattices” (whose 
lattice order is determined by an implication and a constant 1), as we shall 
see in other paper. 


2.2. Quasi-Algebras (Quasi-Structures) - Definition 


Let A = (A,~, 1) be an algebra of type (2,0) through this subsection, where 
a binary relation = can be defined by: for all z, y, 


oxy fh ery. (3) 


Equivalently, 
let A = (A, X,~,1) be a structure where ~ is a binary relation on A, ~ is 
a binary operation (an implication) on A and 1 € A, all connected by: 


rrnyoenrcery= it. (4) 
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Let us consider the following properties: 
(qM) l1lv(avy)=ar~y, forall z,yeA, 
(i) toi 1 


Definitions 2.8. 

(ql) The algebra (A,~*, 1) (or, equivalently, the structure (A, <,~*, 1)) 
is called quasi-algebra (quasi-structure, respectively) if it satisfies the pro- 
perties (qM) and (11-1). 

(ql’) Any algebra (structure) A’ = (A,o) whose signature o contains 
+, 1(<, —, 1, respectively) is also called quasi-algebra (quasi-structure), if 
it satisfies the properties (qM) and (11-1). 

(ql”) Any algebra (structure) A” = (A,7) which is term equivalent to 
a quasi-algebra (structure) A’ = (A,co), is also called quasi-algebra (quasi- 
structure). 

(q2) The implication ~+ from a quasi-algebra (quasi-structure) is called 
quasi-implication. 

(q3) The binary relation = of a quasi-algebra (quasi-structure) is called 
binary quasi-relation. 


Note that the quasi-Wajsberg algebras [2] are quasi-algebras, by the 
above Definition 2.8 (ql’), while the quasi-MV algebras [17] are quasi- 
algebras, by the above Definition 2.8 (q1”). 

We shall introduce in this paper new quasi-algebras (quasi-structures). 


Besides the set A, let us define now the following subsets of A: 


Uf tes y|2ye A}, VEU 2|2€ A}, Vu @ ee ala tre), 


Remarks 2.9. 
(i) Note that: 
- if (qM) holds, then Vy = V =U £ A; 
- if (M) holds, then Vy =V =U =A. 
- (qM) implies (M) (i.e. (qM) coincides with (M)) if and only if U = A. 
- (qM) is different of (M) if and only if U # A (ie. ~ (Ax A) =U # A), 
and this is the basic, definable property of quasi-algebras (quasi-structures) 
(see Example 2.3). 

(ii) Since (M) implies (qM), it follows that any quasi-algebra (quasi- 
structure) will be a generalization of the corresponding regular algebra 
(structure). For example, the quasi-MV algebra introduced in [17] is a 
generalization of the MV algebra and the quasi-Wajsberg algebra introduced 
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in [2] is a generalization of the Wajsberg algebra - the MV algebras and the 
Wajsberg algebras being called in this context regular algebras. 

(iii) The above remarks show the central role played by the property 
(M): we obtain the general rule that, roughly speaking, 


(M) + quasi — algebra (quasi — structure) = regular algebra (structure). 


In the view of the above Remarks 2.9, we introduce the following 
definitions: 


Definitions 2.10. 
(1) For every quasi-algebra (quasi-structure) A, the subset Viz = V =U 
of A will be called the regular set of A and will be denoted by R(A): 


HA) =" Va V SU CA. 


The elements of R(A) are called the regular elements of A. 
(2) The quasi-algebra (quasi-structure) A is called proper if R(A) 4 A 
(ie. (M) 4 (qM)); otherwise, A is a regular algebra (structure). 


Definition 2.11. For every proper quasi-algebra A = (A,~*,1) (or, equi- 
valently, proper quasi-structure A = (A, x,~+,1)), any subset S C A closed 
under ~» and containing 1 is called a quasi-subalgebra (quasi-substructure) 


of A. 
We then have the following important result: 


Theorem 2.12. Let A = (A,~*,1) be a proper quasi-algebra (or, equi- 
valently, let A= (A, x,~*,1) be a proper quasi-structure). Then, R(A) = 
(R(A),-,1) is a regular algebra (or, equivalently, R(A) = (R(A),<,-,1) 
is a regular structure, respectively), where 


> =~I|RA)s <=|Ra) - 


Proof: First, we prove that the regular set R(A) is closed under ~» and 


that 1 € R(A). Indeed, if z,y € R(A) C A, then x ~ y tx, (o~ y), 


hence x ~~ y € R(A); since 1 ~ 1 = 1 (by (11-1)), it follows that 1 € R(A). 
Consequently, R(A) is a quasi-subalgebra (quasi-substructure) of A. Hence, 
R(A) = (R(A),~, 1) is a quasi-algebra (R(A) = (R(A), X,~, 1) is a quasi- 
structure). 

Moreover, (qM) coincides with (M) on R(A), ie. (qM)| ray (M), 
by the definition of R(A). Consequently, R(A) = (R(A), >, 1) is a regular 
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algebra (or, equivalently, R(A) = (R(A),<,-—,1) is a regular structure, 
respectively). 


Conventions: In order to simplify the writing, 

- the quasi-implication ~» of a quasi-algebra (quasi-structure) A and the 
corresponding (its restriction to R(A)) regular implication > of the regular 
algebra (structure) R(A) will be denoted the same in the sequel, namely by 
=. 

- the binary quasi-relation < of a quasi-algebra (quasi-structure) A and the 
corresponding (its restriction to R(A)) binary regular relation < of R(A) 
will be also denoted the same in the sequel, namely by <. 


3 Introduction to the Theory of 
Regular Algebras (Structures) - Part I 


Let A = (A,—,1) be an algebra (or, equivalently, let A = (A,<,—,1) bea 
structure) as before throught this section. 


3.1 The List A of Basic Properties. Connections 


Consider the following list A of basic properties (those from [9] plus two new 
properties: (#), (##)) that can be satisfied by A (in fact, the properties in 
the list A are the most important properties satisfied by a BCK algebra (see 
(9])), where each property is presented in two equivalent forms, determined 
by the corresponding two equivalent definitions of A. We divide the list into 
two parts: the properties in Part 1 are those that will be generalized, when 
considering the quasi-algebras (quasi-structures). 


List A, Part 1 


(An) (Antisymmetry) x > y=l=yor => «c=y, 
(An’) (Antisymmetry) «<y, y<x2 => @=y; 


(M) 17> «=a; 


(N) lozc=1 = 2=1, 
Nie == 2=15 
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(Re) (Reflexivity) « — x = 1 (we prefer here notation (Re) instead of 
notation (I) in the theory of BCI algebras), 
(Re’) (Reflexivity) x < 2; 


(L) (Last element) «> 1 =1, 
(L’) (Last element) x < 1. 


List A, Part 2 


(11-1) 131=1, 
(11-1) 1<1; 


(BR) Yas l@>y) > @> aI =1, 
(B) y>z<(@>y)> (> 2), 


(BB) (y 32) 3 (232) > > m=1, 
(BB’) yoz< (272) > (y> 2); 


(*) yor=l = («#>y)> («> 2z) = 1, 
(’) yz = @roy<ar>z; 


(*) yor=1 = > 2)3- (yo 2) = 1, 
CO’) ye = 27 4<yor; 


(C) [zx> yr 2)) Alyy @ 2) =1, 
(C’?) > (yz) < yr (a@> 2); 


(D) y> [y> 2) > 2] =1, 
COS). aes (ys alee 


(Ex) (Exchange) x > (y > z) =y > (4 z); 


(K) «> (y>2)=1, 
(Ko yp ea; 


So) 29S eS ye 1 
(9) c=y = zsy; 
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(Tr) (Transitivity) c> y=l=yror = 2£>2z=1, 
(Tr’) (Transitivity) s<y,y<z = <3; 


(#4) co(yoz)=1Syo(t¢52z)=1, 
(#!) a<yrorSy<r>2; 


(##) to (yozu=1Syo(«5z)=1, 
(##') o<yroruSssyK<rrz. 


Remarks 3.1. 

(i) (M) => (11-1); (Re) => (11-1); (L) => (11-1). 

(ii) The central role of property (M) in the study of regular algebras 
(structures) [9] is given by the fact that it determines that Vy = V =U = A, 
i.e. all the elements of A appear compulsory inside the table of >. 

(iii) Closely related (see the next section) with the property (M) are 
the properties (N), (An), (Re) and (L), therefore the all five form the Part 1 
of the list A of properties. 

(iv) Note that we have defined in [9] the most general algebra, called 
RM, as an algebra (A, —, 1) verifying (Re) and (M), hence as a generalization 
of BCI, BCK, BCC, BZ, BCH, BE and pre-BCK algebras. We have also 
defined in [9] the RML algebra, as a RM algebra verifying the property (L); 
thus, the RM L algebra is a generalization of BCK, BCC, BE and pre-BCK 
algebras. 


3.1.1 Connections between the Properties in the List A 
We recall the connections found in [9] between the properties in list A. 


Proposition 3.2. /9/ Let (A,—,1) be an algebra of type (2,0). Then the 
following are true: 

(AO) (Re) => (S); 

(A00) (M) => (N); 

(Al) (L) + (An) => (N); 

(A2) (K) + (An) => (N); 

(A8) (C) + (An) = (Ex); (A3’) (Ex) + (Re) = (C); 

(AZ) (Re) + (Ea) => (D);— (A4’) (D) + (Re) + (An) => (N); 

(A5) (Re) + (Ex) + (An) = (M); 

(A6) (Re) + (K) => (L); 

(A7) (N) + (K) => (L); (AT) (M) + (K) = (2); 
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(A8) (Re) + (L) + (Ex) => (k); 

(A9) (M) + (L) + (B) => (K); — (A9’) (M) + (E) + (**) => (K); 
(A10) (Ex) => (B) = (BB); 

(A10’) (Ex) + (B) = > (BB); = (A10”) (Ex) + (BB) => (B); 
(A11) (Re) + (Ex) + (*) => (BB); 

(A12) (N) + (B) => (*); — (A12’) (M) + (B) => (7); 

(A13) (N) + (*) => (Tr); (A13’) (M) + (*) => (Tr); 

(A14) (N) + (B) => (Tr); (A14’) (M) + (B) => (Tr); 

(A15) (N) + (BB) => (**); (A15’) (M) + (BB) => (**); 
(A16) (N) + (**) ==> (Tr); (A16’) (M) + (**) => (Tr); 

(A17) (N) + (BB) = (Tr); (A17’) (M) + (BB) => (Tr); 
(A18) (M) + (BB) => (Re); —_(A18’) (M) + (BB) => (D); 
(A19) (M) + (B) => (Re); 

(A20) (BB) + (D) + (N) = (C); — (A20’) (M) + (BB) = (C); 
(A21) (BB) + (D) + (N) + (An) => (Ex); 

(A21’) (BB) + (D) + (ZL) + (An) => (Ex); 

(A21”) (M) + (BB) + (An) => (Ex); 

(A22) (K) + (Ex) + (M) => (Re); 

(A23) (C) + (K) + (An) => (Re); 

(A24) (Re) + (Ex) + (Tr) => (**). 


Let us add the following new connections. 


Proposition 3.3. Let (A,—>,1) be an algebra of type (2,0). Then the 
following are true: 

(A9”) (M) + (L) + (BB) => (Kk); 

(A18”) (M) + (D) => (Re); 


(A25) (D) + (K) + (N) + (An) => (M); 

(A26) (#) ==> (##) ; 

(A27) (M) + (C) => (#); 

(A28) (Ex) => (#4#); 

(A29) (BB) + (#) => (B); (A29’) (B) + (#) => (BB); 

(A30) (Re) + (B) + (Tr) + (#) => (C); 

(A31) (Re) + (#) => (D) (see (A4)); 

(A382) (Re) + (#) + (An) => (M) (see (A5)). 

Proof: 

(1): 2G say GS DS Gs 2 Essays 
2) @ wy 1) 3 [43 2) 3 yo 2)] 2 1 ie. (K) holds. 


( 
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(A18”): 1> (1 > 2) > 2) ®) 1, hence, by (M), x > 2 =1. 
(A25): 13 [(1 3 2) > 2] 21, hence, by (N), (132) 3 2=1. On 


the other hand, x > (1 > x) ay, Then, by (An), 17> v=z. 

(A26): Obviously. 

(A27): Suppose that x > (y > z) = 1; then, (C) ([x > (y > z)] 3 
ly > (x > z)| = 1) gives 1 > [y > (x > 2z)| = 1; hence, by (M), 
y > (x > z) = 1, thus (#) holds. 


Ex) 


(A28): (ese) yo(r@>zj)=1. 
(A29): (see the proof of (qW32) from [2]) 
By (BB), (« > y) > [(y > z) > (@ > 2)] = 1; then, by (#), (yz) 7 
[(z# > y) > (x > z)] =1, ie. (B) holds. 
(A29’): Similarly, by (B), (y > z) > [(a@ > y) > 
by (#), (x > y) > [(y > z) > (a > z)] =1, i. (BB) holds. 
(A30): (see the proof of (qW33) from [2]) 


Since (y > z) > (y > z) ~ 1, it follows by (#) that y > [(y — z) 
+(y> z)) > @ 2)| 
1 


1. On the other hand, [(y > z) > z] > [(a > ( 1. 
Then, by (Tr), we obtain that y > [(a > (y > z)) > (a > z)] = 1; hence, 
by (#), [x > (y > z)] - [y > (a > z)] =1, ie. (C) holds. 
(Re) 
(A31): r>y < xy implies, by (#’), 2 < (a@ > y) > y. 
(A32): First we prove: (a) x > (1 > x) = 1. Indeed, 1 > (x > =) ) 
(Re) 


1— 1 °=' 1, hence by (#), we obtain (a). 
Then, we prove: (b) (1 > 2) — x = 1. Indeed, by (A31), (Re) + (#4) => 


(D), and by (A4’), (D) + (Re) + (An) => (N); then 1 > ((1 3 2) 3 2) 71, 
hence by (N), we obtain (b). 
Now, (a) + (b) + (An) imply (M); thus, (M) holds. 


Now recall the following four theorems from [9]. 


Theorem 3.4. /9/ (Generalization of ([3], Lemma 1.2 and Proposition 1.3)) 
If properties (Re), (M), (Ex) hold, then: (BB) = (B) © (s). 


Theorem 3.5. /9/ 
If properties (Re), (M), (Ex) hold, then: (**) = (Tr). 


Theorem 3.6. /9/ 
If properties (M), (B), (An) hold, then: (Ex) = (BB). 
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Theorem 3.7. [9] (Michael Kinyon) In any algebra (A,—,1) we have: 
(i) (M) + (BB) = (B), 
(ii) (M) + (B) = (*). 


By Kinyon’s Theorem 3.7(i) and (A12’), we obtained immediately that: 
Corollary 3.8. [9] (M) + (BB) == (*). 


Concluding, by the above Kinyon’s Theorem 3.7 and (A12’), (A13’), 
(A16’), we have obtained: 


Corollary 3.9. [9] In any algebra (A,—, 1) verifying (M), we have: 


(BB) ==> (By Ss (eee) Tr), 


3.2 Regular Order. Ordered Regular Algebras (Structures) 


Let A be a regular algebra (structure) through this subsection, i.e. property 
(M) holds. 


Definitions 3.10. Consider the following properties of + (<): (Re), (An), 
(Tr) ((Re’), (An’), (Tr’), respectively). Then, we shall say that A is [9]: 

- reflexive, if property (Re) (or (Re’)) is satisfied; 

- antisymmetric, if property (An) (or (An’)) is satisfied; 

- transitive, if property (Tr) (or (Tr’)) is satisfied; 

- pre-ordered, if it is reflexive and transitive; 

- ordered, if it is reflexive, antisymmetric and transitive. 


Among all the regular algebras (see[9]), for examples: 
- the BE, RME, RM, RML algebras are only reflexive, 
- the BCH, aBE, aRM, aRML algebras are reflexive and antisymmetric, 
- the pre-BCK, pre-BCI, pre-BZ, pre-BCC algebras are pre-ordered, 
- the BCI, BCK, BZ, BCC algebras - and also the Boolean algebras, MV 
algebras, Wajsberg algebras, BL algebras, MTL algebras, residuated lattices, 
Hilbert algebras - are ordered; some of them can be lattices, called regular 
lattices in a subsequent paper. 

Note that the notion of partially ordered set (poset) (A,<) is more 
general than the notion of (partially) ordered regular algebra (structure). 
Hence, the duality principle for posets is valid for regular ordered algebras 
(structures). Also the Hasse diagram for posets is valid for regular ordered al- 
gebras (structures), where an element of a regular ordered algebra (structure) 
will be represented by a bullet e. 
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Remark 3.11. If the regular algebra (structure) is not ordered (i.e. it is 
only reflexive, or reflexive and transitive, or reflexive and antisymmetric), 
then a Hasse-type diagram is used, where an element is represented by a circ 
o, andifa<bandb<aanda#b (ie. a and b have the same height, or 
are parallel)), then a horizontal line will connect them. See for example the 
Hasse-type diagrams for some examples of regular RM and regular RML 
algebras from Figures 4 and 5, respectively. 


The theory of regular algebras (structures) will be continued in the next 
papers. 


3.3. Some Regular Algebras: the RM, RML, BCI and BCK 
Algebras 


Recall now the following definitions: 


Definition 3.12. An algebra (A, —, 1) is a: 

- RM algebra, if it verifies the axioms (Re), (M) [9]; 

- RML algebra, if it verifies the axioms (Re), (M), (L) [9]; 

- BCT algebra, if it verifies the axioms (BB), (D), (Re), (An) [11], or, equi- 
valently [9], (B), (C), (Re), (An); 

- BCK algebra, if it verifies the axioms (BB), (D), (Re), (L), (An) [11], [8], 
[12], or, equivalently [9], (B), (C), (kK), (An). 


Note that, obviously, there are equivalent definitions as structures 
(A, <,-, 1). 

Note also that these algebras are regular, since property (M) holds. 

Recall that a BCI algebra (A,—,1) is p-semisimple if for each x € A, 
x <1 implies x = 1 (see Remark 6.5). The p-semisimple BCI algebras are 
categorically equivalent with the commutative groups (see [19]). 

Note that BCK algebras verify indeed all the properties in List A: (Ex), 
by (A3); (M), by (A5); (N), by (A00); (*), by (A12); (**), by (A15); (Tr) by 
(A14); (S), by (AO); (#), by (A27); (##), by (A28). See more about BCK 
algebras in the books [20], [10]. 


Remarks 3.13. 
(i) Most of the algebras of logic [22], [18] (Boolean algebra, MV algebra, 
BL algebra, MTL algebra, divisible residuated lattice, residuated lattice, 
Hilbert algebra etc.) can be seen as particular cases of BCK algebras [10]. 
(ii) In [9], starting from BCI, BCK (and Hilbert) algebras and from some 
generalizations of BCI and of BCK algebras (BCC algebras, BZ algebras, 
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BCH algebras, BE algebras, pre-BCK algebras), and based on the above 
connections between the properties in the list A, new generalizations of 
BCI, of BCK (and of Hilbert) algebras were introduced (the RM and RML 
algebras and many others) and the connections between all of them was 
shown. 


Denote by RM, RML, BCI, BCK the classes of RM algebras, of 
RML algebras, of BCI algebras and of BCK algebras, respectively. We have 


then [9] the Hierarchy 1 from Figure 1. 
RM 


©) RML 
(Ex)+(An)+(B 
Ex)+(An)+(B) 


BCI 
BCK 


Figure 1: Hierarchy 1 


4 Introduction to the Theory of 
Quasi-Algebras (Quasi-Structures) - Part I 


Let A = (A,-—,1) be an algebra (or, equivalently, let A = (A,<,-,1) bea 
structure) as before, throught this section too. 


Definition 4.1. We call proper quasi-properties the following nine: (qAn), 
(qM), (aM(1 — 2)), (GN), (4N(1 > @)), (dRe), (qRe(1 — 2)), (aL), (qL(1 > 
x)) which form the Part 1 of List qA (corresponding to the five properties 
(An), (M), (N), (Re), (L) respectively, which form the Part 1 of List A). 


4.1 The list qA of Basic Quasi-Properties. Connections 


The list qgA of “quasi-properties” that can be satisfied by A has also two 
parts, and follows closely the list A of properties. The proper quasi-properties 
in Part 1 of List qA are generalizations of the properties in Part 1 of List A, 
while the “quasi-properties” in Part 2 of List qA are both the properties in 
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Part 2 of List A and eight new specific properties ((qR) - (qI3)). We shall 
understand now which was the criterion by which a property was written in 
Part 1 or in Part 2 of the list. 


List qA, Part 1 


(qAn) (quasi-Antisymmetry) «> y=l=yoru = lowr=l1-y, 
(qAn’) (quasi-Antisymmetry) «<y, y<a = lowly; 


(qM) 1>(r@>y) =a y; 
(q(M(l—>2)) lo (loaz)=1-2; 


(qN) lo(@oy=1 = roy il, 
(qN’) l<rvny S eoyeH=l 
(qQNd-2z)) loQdoez)=1 => 1lor=l, 
(qQNd-2)’) l<loeg => losr=]; 


(qRe) (quasi-Reflexivity) (14 > y) > (a > y) = 1, 
(qRe’) (quasi-Reflexivity) «> y <x > y; 

(qRe(l > x)) (Q>2)> (> 2) = 1, 

(qRe(1 > z)’) loa<l-g; 


(qL) (> y)>1=1, 
(qL’) zy <1; 
(qL(l—>2z)) Q72)7>1=1, 
(qL(l—-> 2)’) loz<l. 


List qA, Part 2 
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(qI2) x > y=ax>(1-> y), 
(qi3) 132) > > y)=(1>2)> y; 


(qrell) t<ySloe«<l1l-y, 
(qrell1) r< ySlowr<y, 
(qrell2) r< yoSau<l—y. 


4.1.1 Connections between the Properties in List A, Part 1 and 
the Proper Quasi-Properties in List qA, Part 1 


Theorem 4.2. Let (A,—>,1) be an algebra of type (2,0). Then the following 
are true: 

(i) (An) => (qAn); 

(ii) (M) => (qM) = (qM(1 > 2)); 

(iti) (N) => (qN) = (qNQ > 2)); 

(iv) (Re) = > (qRe) => (qRe(1 > x)); 

(v) (L) = (ql) = (ql(1 > x)); 

(vi) (M) + (qAn) => (An); 

(vii) (M) + (qRe(1 > x)) => (Re); 

(viti) (M) + (qL(1 > x)) => (L); 

(ix) (qM) + (qRe(1 > «)) => (qRe); 

(t) (GM) + (qL(1 > x)) => (qL). 

Proof: 

(i): Suppose that for any x,y € A, x > y=1=y- 7; then, by (An), 
x =y, hence 1 > x = 1- y; thus, (qAn) holds. 

(ii): Obviously. 

(iii): For any z,y € A, 1 > (a > y) = 1 implies, by (N), that z > y = 1, 
i.e. (qN) holds; then 1 — (1 > x) = 1 implies, by (qN), that 1 > 2 =1. 

(iv): For any x,y € A, (& > y) 9 (4 > y) os 1, i.e. (qRe) holds; then 
(l-72z)- (1-2) le 1, ie. (qRe(1 > x)) holds. 

(v): For any z,y € A, (x@ > y) 9 1 © 1, i.e. (qL) holds; then 
(l-—az)>1 ee 1, ie. (qL(1 > x)) holds. 

(vi): For any x,y € A, suppose that « > y = 1 = y > 2; then, by 
(qAn), 1 > « =1- y; finally, by (M), we obtain x = y. Thus, (An) holds. 

(vii): For any y € A, suppose that (1 — x) > (1 > 2) = 1, ie. 

( 


(qRe(1 > x)) holds; then, x > x w (> 2)> (> 2) =1. 
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(viii): For any y € A, suppose that (1-7) > 1=1,ie. (qL(1— 2)) 


holds; then, y > 1 mw (1 y) ~ 1=1, i. (L) holds. 

(ix): (See the proof of (qW11) from [2]) 
For any z,y € A, (x& > y) 9 (a@ > y) el [fl-(t¢#-y)] > [l> (@3O 
y)| ai eae 1, ie. (qRe) holds. 

(x): (See the proof of (qW14) from [2]) 


For any z,y € A, (4 > y) ee [l-(t¢#7>y)]}7 1 


(aL(1>2)) 5 


Remarks 4.3. 

(i) This theorem, (i) - (v), show that the proper quasi-properties: 
(qAn), (gM), (aM(1 > )), (aN), (qN(1 — 2)), (qRe), (qRe(1 — «)), (qL), 
(qL(1 > x)) are generalizations of the corresponding - call them regular 
properties - (An), (M), (N), (Re), (L) respectively. 

(ii) This theorem (vi) - (viii) show the importance of property (M). 


Remark 4.4. Note that if (M) holds, then: 

- (qR1) = (qR2) = (Re), while (qR)=(qRe) and (qR3)=(qRe), and this 
motivates their names; 

- (qI), (qI1), (qI2), (qI3) are identically satisfied, and this motivates their 
names. 


4.1.2 Connections between the Quasi-Properties in List qA 


Looking at the connections between the properties in List A, we genera- 
lize easily and obtain the following corresponding connections between the 
quasi-properties in List qA: 


Proposition 4.5. (See Proposition 3.2) 
Let (A,-,1) be an algebra of type (2,0). Then the following are true 
(following the numbering from Proposition 3.2): 
(qA00) (qM) => (qN);  — (qA00’) (QM(1 > x)) => (qN (1 > x)); 
(qA3) (C) + (qM) + (qAn) => (Ex); 
(qA4) (Ex) + (qRe) => (D); 
(QA7) (qN) + (K) => (LZ); (qA7’) (qM) + (K) => (L); 
(qA12) (qN) + (B) => (*); — (qgA12’) (gM) + (B) = (%); 
(qA13) (qN) + (*) => (Tr); (qA13’) (QM) + (*) => (Tr); 
(gA14) (qN) + (B) => (Tr); (qA14’) (QM) + (B) => (Tr); 
(gA15) (qN) + (BB) => (**); — (qgA15’) (qM) + (BB) => (**); 
(gA16) (qN) + (**) => (Tr); (qgA16’) (qM) + (**) ==> (Tr); 
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(qA17) (qN) + (BB) = (Tr); (qA17’) (qM) + (BB) = (Tr); 
(qA18) (qM) + (BB) = (qRe(1 > x)); 

(qA19) (qM) + (B) => (qRe(1 > x)); 

(qA20) (BB) + (D) + (qN) => (C); 

(qA20’) (BB) + (D) + (aM) => (C); 

(qA21) (BB) + (D) + (gM) + (qAn) => (Ex); 

(qA22) (K) + (Ez) + (qM) => (Re); 

(qgA23) (C) + (K) + (qM) + (qAn) => (Re). 


Proof: 

(qA00): Suppose 1 > (a > y) = 1. Then, by (qM), we get x > y= 1. 

(qA00’): Suppose 1 > (1 > x) = 1. Then, by (qM(1 — 2)), we get 
1>a2=l1,ie. (qN(1 > z)) holds. 

(qA3): By (C), we have: [x — (y > z)| - [y - (@ — z)] = 1 and 
also [y > (a > z)] > [a > (y > z)] = 1; hence, by (qAn), we obtain that: 
1-> [« — (y > z)}) = 1-5 [y > (a - 2z)]; then, by (qM), we get that 
z—(y>z))}=y- («> 2z), ie. (Ex) holds. 


= [(y 2) 32] 2 ya) sys) 1. 


(qA4): y 
(qA7): By (K), we have: 1 > (x — 1) = 1; hence, by (qN), we obtain 
i= 1 i.e. a ) holds. 


(qA7’): «> (rs (x > 1) es 1; hence, x + 1 =1,i-e. (L) holds. 

(qA12): Suppose y > z = 1; then, by (B) ((y > z) > [(a@ > y) 3 
(x > z)| = 1), it follows that 1 - [(x — y) > (x — z)] = 1; hence, by (qN), 
we obtain that (x > y) — (© > z) =1, ie. (*) holds. 

(qA12’): By (q00), (qM) implies (qN); then apply above (qA12). 

(qA13): Suppose x < y and y < z; then, by (*’), we obtain: « > y < 
L>zie (a > y) > (@ > z) =1=1- (x > 2); hence by (qN), we obtain: 
g—+z=l,ie. (Tr) holds. 

(qA13’): By (q00), (qM) implies (qN); then apply (qA13). 

(qA14): Suppose x > y = 1 and y > z = 1; then, by (B) ((y > z) 3 
(a > y) > (@ > z)] = 1), we obtain: 1 > [1 > (a > z)] = 1; then, by 
(qN), we obtain: 1 > (x > z) = 1; by (qN) again, we obtain: > z= 1. 

(qA14’): By (q00), (qM) implies (qN); then, apply (qA14). 

(qA15): Suppose y > z = 1; then, by (BB) ((y > z) > [(z > 2) > 
(y > x)| = 1), it follows that 1 > [(z > x) > (y > x)| = 1; hence, by (qN), 
we obtain (z > 2) > (y— xz) =1, ie. (**) holds. 

(qA15’): By (q00), (qM) implies (qN); then apply (qA15). 
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(qA16): Suppose y < z and z < 2; then, by (**’), we obtain: z > x4 < 
ya,ie (2 92) > (you) =1=1- (y > 2); hence, by (qN), we 
obtain: y > x = 1, ie. (Tr) holds. 

(qA16’): By (q00), (qM) implies (qN); then apply (qA16). 

(qA17): Suppose y > z = 1 and z > x = 1; then, by (BB) ((y > 
z) > [(2 > x) > (y > z)] = 1), we obtain: 1 > [1 > (y > z)] = 1; then, 
applying (qN) twice, we obtain y > « = 1. Thus, (Tr) holds. 

(qA17’): By (q00), (qM) implies (qN); then apply (qA17). 

(qA18): In (BB) ((y > z) > [(@ > x) > (y > 2)| = 1), take 
y = z = 1; we obtain: (1 > 1) > [11 > x) — (1 > )| = 1, hence, by 
the subsequent (qAA1), 1 > [(1 > x) — (1 > 2z)] = 1; then, by (qM), 
(l>2)> (17 2) =1, i. (qRe(1 > z)) holds. 

(qA19): In (B) ((y > z) > [(@ > y) — (a@ > z)] = 1), take x =y=1; 
we obtain: (1 > z) > [(1 > 1) > (1 z)] = 1, hence, by the subsequent 
(qAAl’), (1 — z) — [1 — (1 - 2z)] = 1; now apply (qM) to obtain, 
(1 > z) > (1 > z) = 1; thus, (qRe(1 > 2)) holds. 

(qA20): First, by (qA15), (BB) + (qN) imply (**). 

Then, by (BB’) (Y 9 Z7< (25 X) > (Y — X)), for X =u 24,Y=y, 
Z = 2% -—> x, we obtain: 

y (z7 2) < (27 2) 9 (uo 2) 9 (yo (US 2)). 

Then, by (**’), we obtain: V notation 

(2 > #) > (u> z)) > (y> (u> z))] > 
(y 3 (232) 3 [us 2) + Yu) 
But, the left side V = 1; indeed, by (BB’), we have: 

U>z<(z>2) > (u-> 2); then, by (**’), we obtain: 

(27 2) > (u> z)) > (y> (u> 2) < (uz) 9 (y> (u> 2), 

ie. V =1. Then, by (qN’), W = 1, ie. 

y (e792) <(u>z) 9 (yo (u 2), 

which for z= y > x and u = z gives: 

y > (ya) 42) < (27 (y> 2)) > Ye 2); 

but, by (D), the left side y > ((y > x) > x) = 1; hence, by (qN’), 

(z > (y> 2)) > (y > (3 2)) = 1, ie (C) holds. 

(qA20’): By the above (q00), (qM) implies (qN); then apply (qA20). 

(qA21): By (qA20’), (BB) + (D) + (qM) imply (C); and by above 
(qA3), (C) + (aM) + (qAn) imply (Ex). 


(qA22): «> & iss (x > a) 


g—+ 2 =1, i.e. (Re) holds. 
(qA23): By the above (qA3), (C) + (qM) + (qAn) imply (Ex). Then, 


[us z)> (yr (ura) < 
] notation W. 


2 Yeh (1 > 2) eas 1, hence 
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by the above (qA22), (K) + (Ex) + (qM) imply (Re); thus, (Re) holds. 


Proposition 4.6. (See Proposition 3.3) 

Let (A,—,1) be an algebra of type (2,0). We have the additional 
quasi-properties (following the numbering from Proposition 3.3): 

(qA18”) (qM) + (D) => (qR1); 

(qA25) (D) + (K) + (qN) + (gAn) => (qM(1 > x)); 

(qA27) (qM) + (C) => (#). 

Proof: 

(qA18”): 1+ (13 2) > 2) @ 1; then, by (qM), (17> 2) > v=1. 

(qA25): 1 [17> 2) a eae 1; now, by (qN), we obtain: (1 > x) > 


x =1. On the other hand, x > (1 > 2) ae Consequently, by (qAn), we 
obtain: 1 > (l> z) =1— 2, ie. (qM(1 > 2)) holds. 
(qA27): By Theorem 4.2 (ii), (M) = > (qM); then use (A27). 


Now we prove the corresponding theorems of (above recalled from [9]) 
Theorems 3.4, 3.5, 3.6, 3.7. 


Theorem 4.7. (See Theorem 3.4) 
If properties (Re), (qM), (Ex) hold, then: (BB) = (B) © (x). 


Proof: By (A11), (Re) + (Ex) + (*) = (BB). By (A10), (Ex) implies 
that (B) = (BB). By (qA12’), (qM) + (B) => (*). Hence, we have: 
(4) == (BB) = (8) => [e), thus (6B) = (8) = fe): 


Theorem 4.8. (See Theorem 3.5) 
If properties (Re), (qM), (Ex) hold, then: (**) = (Tr). 


Proof: By (qA16’), (qM) + (**) imply (Tr). By (A24), (Re) + (Ex) + 
(Tr) imply (**). 


Theorem 4.9. (See Theorem 3.6) 
If properties (B), (D), (qM), (qAn) hold, then: (Ex) = (BB). 


Proof: By (A10’), (B) + (Ex) imply (BB). By (qA21), (qM) + (qAn) 
+ (BB) + (D) imply (Ex). 


Theorem 4.10. (See Theorem 3.7) In any algebra (A,—,1) we have: 
(i) (qM) + (BB) + (D) imply (B), 
(ti) (qM) + (B) imply (**). 
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Proof: (i): In (BB) ((x > y) > [(y > z) > (a > z)] = 1), set rx =u 
and y = (u— v) > 0, to get: 


Gites Gs Se GS 


)| (qM) 


1> [((u> v) 9 uv) Oz) (uf 
(((u v) 9 vv) 9 z) 9 (U9 z) = 1. 
After renaming variables, we get: 

(a) (a> y) 9 y) > 2) 9 (@ > z) = 1. 

Next, in (BB) set x =u— v and y= (v > w) > (u- vw), to get: 

((u > v) > [(v 7 >(u > w)}) > [(((w > w) > (u > w)) > 2) 
Gado] tS (G Ss) SG Says 2 (G5) 
2) 2? (wow) Ss wow) 32) 3 (usw s2eL 

After renaming variables, we get: 

(b) (2 > y) > (u> y)) 9 2) 9 (uo 2) 9 z) = 1. 

Taking z = u > y in (b), we get: 

(c) (e+ y) > (ury)) a (ury) > (urz)a(ury))=1. 
Now, in (a) sett r=v>w,y=tr>w, z=(t> v) > (t > w) to get: 
[((((v > w) > (t > w)) > (t > w)) > ((t 3 v) 3 (E> w))] (WO 
w) > ((t 3 v) 3 (t 3 w))) & 


(esas 
(v > w) > ((t v) — (ft w)) = 1, ie. (B) holds. 

(ii): Suppose (B) is (y > z) > [((@ 3 y) 9 (w@ 3 2) =1. Ife>y=1 
in (B), then we get: (y > z) > [L- (4@ > 2z)] Gee) Sass 


ie. (**) holds. 
Concluding, by the above Theorem 4.10 and (qA12’), (qA13’), (qA16’), 
we immediately obtain: 


Corollary 4.11. (See Corollary 3.9) 
In any algebra (A,—, 1) verifying (qM), we have: 


(BB) (DD) == (BSS tes) —— (Er) 


Proposition 4.12. Let (A,—,1) be an algebra of type (2,0). Then we have 
the following additional quasi-properties (with an independent numbering): 
(qAA1) (qM) + (BB) => (11-1); (qAA1’) (qM) + (B) = (11-1); 
(@AA1”) (qM) + (K) => (11-1); 
(qAA2) (Ex) + (qRe(1 > x)) + (qM) => (qR1); 
(qAA8) (B) => (qR); 
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(qAA4) (K) => (qR2); 

(qAA5) (qR1) + (BB) => (qR3); 

(qAA6) (qR1) + (K) + (**) + (qM) + (qAn) => (q/1); 

(qAA7) (qRe(1 > x)) + (Ex) + (K) + (**) + (qM) + (qAn) => (qI1); 
(qAA7’) (D) + (K) + (**) + (qM) + (qAn) => (u1); 

(qAA8) (Ex) + (qM) => (qI2) + (q13); 

(qAA9) (qI1) + (qI3) => (ql); 

(qAA10) (qR1) + (qR2) + (BB) + (qM) + (qAn) = (q11) + (qI2); 
(qAA11) (qR3) + (K) + (*) + (qM) + (qAn) => (qI2); 

(qAA12) (qI1) + (qI2) => (a); 

(qAA13) (ql) + (BB) + (qM) = (Re); (see (A18), (qA18)) 
(qAA14) (qI1) + (BB) + (L) + (qM) => (K); (see (A9”)) 
(qAA15) (B) + (Ex) + (K) + (**) + (qM) + (qAn) => (q1); 
(qAA15’) (qRe(1 > x)) + (Ex) + (K) + (**) + (qM) + (qAn) => 


(ql); 
(qAA15”) (Re) + (Tr) + (Ex) + (L) + (qM) + (qAn) © 
(qRe(1— x)) + (Ex) + (K) + (**) + (gM) + (gAn); 
(gAA15”’) (Re) + (Tr) + (Ex) + (L) + (qM) + (qAn) => (ql); 
(qAA16) (qI) + (qRe(1 > x)) => (Re); 
(qAA17) (ql) => ((qRe(1 > x)) & (Re)); 
(gAA18) (#) + (qM) + (qR1) => (qRe(1 > x)); 
(qAA18’) (#) + (qM) + (qRe(1 > x)) => (qR1); 
(gAA18”) (#) + (aM) => ((qR1) = (qRe(1 > x))); 
(qAA19) (ql) => (qrell); 
(qAA19’) (qI1) => (qrell1); 
(qAA19”) (qI2) => (qrell2). 


Proof: 
(qAA1): (See the proof of (qW9) from [2]) 
$e ig) 3 oa 
(a > y) > [(Yy > 2) 9 (@ > 2) Z 1, ice. (11-1) holds. 
Ait 21 a(gogsieoypsoeaoy 2’ 
(yz) > [(4 3 y) 9 (@ > 2) 2 1, ie. (11-1) holds. 
(AAG) 144 Op tay © ide, GG) held: 
(qAA2): 02) 2 21s (doe) oa] 2 
(l-2z)- (1-72) ee ey Thus, (qR1) holds. 
(qAA3): Obviously. 
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(qAA4): Obviously. 
(qAA5): (See the proof of (qW16) from [2]) 


Iz (1+ y)) > 13 (@ yy] 


Ie (13 y)] > (139) 99) 3 (e oy) 2" 1, ie. (qR3) holds. 
K’') («*’) 
(qAA6): « < 1-— a, hence (1 -> 2) > y < x > y. On the 
(qR1) (*’) 
other hand, l1> 2 < 2,hencex>y < (172) > y. Consequently, 


pai Ot ey ME a a ea ena gy, 


(qAA7): By (qAA2), (Ex) + (qRe(1 — x)) + (qM) imply (qR1); then 
apply (qAA6). 
(qAA7’): By (qA18”), (D) + (qM) imply (qR1); then apply (qAA6). 


(qAA8): zy es (a > y) ee p= (1 > y); thus, (qI2) holds; 


(Ex) | A | 


(l>2)> (17 y) LS (ln) Sy 
(qAA9): Obviously. 
(qAA10): We prove that (qI1) holds (see the proof of (qW26) from [2]): 


l+az)-> y. 


On the one hand, ((1 > x) > y) > (a > y) aey >[(l> 2) > y) > 
(ey) ® e302) (2) sy) 3 @ sy) 1. 
On the other hand, (x > y) > ((1 > x) > y) a4 ra Sy) = (lS 
x) + y)) “P [(1 2) oa] [leo y) 9 (A 2) sy) 1. 


ed Sgt el es 


Now, by (qAn), we obtain x > y 
y) et (l> 2) y, ie. (qI1) holds. 
We prove that (qI2) holds (see the proof of (qW27) from [2]): 


) 
On the one hand, (2 > (1 3 y)) 3 (ey) @ 3039) 305 
1 


49) @4 049) 4149) 49349) ™ 
On the other hand, (2 > y) > (x > (1 > y)) (aM) ise Sas 
(1 —> y))| (qR2) (a > y) > I(y > (1 > y)) 5 (g y (1 , y))| (BB) 1. 


Now, by (qAn) and (qM), we obtain that « > (1 > y) =a y. 
(qAA11): On the one hand, (qR3) + (qM) implies that (x > (1 > 


y)) + ( > y) =1. On the other hand, y > (1 > y) 24 implies by (*) 
that (1 > y) — («@ > (1 y)) = 1. Now, by (qAn), (qM) we obtain that 
£>y=x2->(1—y), ie. (qI2) holds. 

(qAA12): (See the proof of (qW28) from [2]) 


fie) ough ee ay 


x— y, ie. (ql) holds. 
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(qAA13): (See the proof of (qW29) from [2}) 
(ql) 


By (qAA1), (qM) + (BB) => (11-1). Then, sx > ¢ ‘= 
i fsa = iste ataw =” 
(131) 3 (132) 3 (1 3 2)] “2 1, ie. (Re) holds. 

(qAA14): (See the proof of (qW30) from [2]) 
psGse) 2 Cedi sueo8) 21464) %4e) = 
(y 31) 3 [> 2) > (yo 2) & 1 ie. (K) holds. 


( 
(qAA15): say < (l>2)—> (1 y). On the other hand, 


x! 


(K) os (+) (Ex) 
gz < 1-2 implies (lo2z)>-y < ry, hence (l> 2) > (l-> y) = 


M M 
(loa) yl a (1+ 2) > y<2-— y. Consequently, x > y “= 


al 

seo" 1 Aaa ial =’ G49 30S», 

(qAA15’): By (qAA7), (qRe(1 — «)) + (Ex) + (K) + (**) + (qM) + 
(qAn) => (qI1); by (qAA8), (Ex) + (qM) => (qI3); by (qAA9), (qI1) + 
(qI3) ==> (qI); thus, (qI) holds. 

(qAA15”): ==>: by (A8), (Re) + (Ex) + (L) imply (K); by Theorem 
4.8, (Re) + (Ex) + (qM) imply (Tr) = (**), hence (**) holds; by Theorem 
4.2 (iv), (Re) implies (qRe(1 > 2)). 
<=: By (qA7’)), (K) + (qM) imply (L), by (qA22), (K) + (Ex) + (qM) 
imply (Re) and by Theorem 4.8, (Re) + (Ex) + (qM) imply (Tr) = (**), 
hence (Tr) holds too. 

(qAA15”’): By (qAA15’) and (qAA15”). 


(qAA16 (g 


L>2 = (l-> 2) > (1 > 2) eee) 1, i.e. (Re) holds. 


): 
(qAA17): By Theorem 4.2 (iv), (Re) => (qRe(1 > «)); by the above 
(qAA16), (ql) + (qRe(1 — x)) => (Re). 


(qAA18): 1 (loa)o a NY) ts [((1 > x) > a]; then, by (#), 


we obtain (1 > z) > (lz) =1, ie. (qRe(1 > z)) holds. 
(qAA18’): 1 Ce (1 > x) — (1 2) implies, by (#), that 
1 [(1 > z) > a] = 1; hence, by (qM), we obtain (1 > 2) > 2 =1. 
(qAA18”): By (qAA18) and (qAA18’). 
(qAA19): ys esya Ss lv7a)~9(loy=leloacs< 
1— y, ie. (qrell) holds. 
(qAA19’): similarly, by (qI1). (qAA19”): similarly, by (qI2). 


je) 
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Remark 4.13. Since = 
mm) 22 ony 2 qny & (ana = 2) ana 
(mM) 2 (qm) “42 (qn) and 


(i8) (qA00’) 
(qM) = (qM(1 > 2)) “=>" (qN(1 > 2), 
then we can picture the situation as follows: 


NS 
(N) (aM) 
ie 


(M) 


4.2 Quasi-Order. Quasi-Ordered Algebras (Structures) 


Let A be a proper quasi-algebra (quasi-structure) (i.e. (qM), which differs 
from (M), and (11-1) hold) through this subsection; then its subalgebra 
R(A) is a regular algebra (structure) (ie. (M) holds), by Theorem 2.12. 


Definitions 4.14. Consider the following properties of > (<): (Re), (qAn), 
(Tr) ((Re’), (qAn’), (Tr’), respectively). Then, we shall say that A is: 

- reflexive, if property (Re) (or (Re’)) is satisfied, 

- quasi-antisymmetric, if property (qAn) (or (qAn’)) is satisfied, 

- transitive, if property (Tr) (or (Tr’)) is satisfied; 

- quasi-pre-ordered, and < is a quasi-pre-order, if it is reflexive and transitive; 
- quasi-ordered, and < is a quasi-order (or a q-order for short), if it is 
reflexive, quasi-antisymmetric and transitive. 


A quasi-ordered quasi-algebra (quasi-structure) will be simply called 
”a quasi-ordered algebra (structure)” . 


Remarks 4.15. 
(i) Recall that by Theorem 4.2 (vi), (M) + (qAn) => (An). 
Consequently, in the presence of (M), any q-order becomes a regular order. 
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(ii) The above remark (i) shows again the central role played by the 
property (M): we obtain the general rule that, roughly speaking, 


(M)+quasi—ordered algebra (struct.) = ordered regular algebra (struct.). 


Note that both quasi-MV algebras and quasi-Wajsberg algebras are 
in fact quasi-ordered algebras and that both MV algebras and Wajsberg 
algebras are in fact ordered regular algebras. 


We now present an important remark: 


Remark 4.16. Let A= (A,-—,1) be a quasi-ordered algebra (or A = 

(A, <,—,1) be a quasi-ordered structure). Since (qM) coincides with (M) 
on R(A), by Theorem 2.12, it follows that (qAn) coincides with (An) on 
R(A). Consequently, 

- the q-order relation < on A becomes an order relation on R(A); 

-R(A) = (R(A), >, 1) is an ordered regular algebra (or, equivalently, R(.A) = 
(R(A), <,—, 1) is an ordered regular structure, respectively). 


4.2.1 The Duality Principle. Elements of the Same Height. 
The Quasi-Hasse Diagram 


Let A = (A,-,1) be a quasi-ordered algebra (or, equivalently, let A = 

(A, <,—,1) be a quasi-ordered structure) and < be the quasi-order of A (i.e. 

(qM), (Re) (hence (11-1)), (qAn), (Tr) hold) through this subsubsection. 
The relation >, defined on A as follows: for every x,y € A, 


is also a q-order, called the inverse q-order relation or the dual q-order 
relation of the q-order relation <. 

The duality principle for quasi-ordered algebras (structures) 
is the following: 

“every statement (definition of a notion, proposition, theorem, etc.) con- 
cerning the quasi-ordered algebra A = (A,—,1) (quasi-ordered structure 
A = (A,<,-,1)) remains valid if we replace everywhere inside it the 
q-order relation < with the inverse q-order relation, >”. 

The algebra (A,—>, 1) (the structure (A, >,—,1)) obtained in this way 
is also a quasi-ordered algebra (quasi-ordered structure), called the dual of 
A. The statement obtained in this way (definition of a notion, proposition, 
theorem, etc.) is the dual statement of the first statement (definition of a 
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notion, proposition, theorem, etc.). We say also that the two quasi-ordered 
algebras (structures) or statements are dual to each other or simple dual. 


Definition 4.17. We say that a,b € A have the same height, or are parallel, 
and we denote this by a || b, if a b= 1 and b > a = 1 (or, equivalently, 
a<bandb<a). 


Note that if (M) holds, then a || b <= a = 6, by (An). 
Note also that if a || b, then 1 > a= 1 — b, by (qAn). 


Corollary 4.18. If (Ex), (L) hold, then 
allb — 1l7>a=1->6. 


Proof: By (qAA15”’), (qM) + (Re) + (qAn) + (Tr) + (Ex) + (L) 
imply (qI), hence 


(a!) 


Pasa Usb, b>a = (1>6)> (1 4). 


a—>b 


ft e271, ther a) Ob) 2 pan 


(lb) > (1a) (Oy Tene a3 be nd bw: a || 6. 


The other implication follows by (qAn). 


Proposition 4.19. The relation || is an equivalence relation of A. 


Proof: For all a € A, a || a means a > a = 1, which is true by (Re); 
thus || is reflexive. 
For all a,b € A, if a || b, ie. a > b= 1 and b > a = 1, then obviously 
b>a=1landa—b=1, ie. b|| a; thus || is symmetric. 
For all a,b,c € A, ifa || band b || c,ie. a> b=1,b5a=l1andb>c=1, 
c—>b=1, thena > b=1 and b>c=1 imply a >c = 1, by (Tr), and 
also c > b=1 and b> a=1 imply c > a=1, by (Tr); so a || c and thus | 
is transitive. 


Proposition 4.20. If properties (*), (**) also hold, then || is a congruence 
relation of A. 


Proof: We must prove that || is compatible with >. 
Indeed, if a || band x || y,ie. a<b,b<aanda<y,y< 2, then 
(*’) («*’) (*’) («*’) 
avur<aty < boyandboy <b>2 < anu. 
Then, by (Tr’), we obtain thata > 4 <b—-yandb>y<a-4@, ie. 


a>z||b> y. 
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Proposition 4.21. If (*), (**) also hold and if b || a, then, in the table of 
—, we have: 

(i) the row of b coincides with the row of a; 

(it) the column of b coincides with the column of a. 


Proof: Suppose b || a, i.e. b<aanda< b. Then, 

(i): By (**’), we obtain: for each z€ A,a>z<bzandboz< 
a — z. Then, by (qAn), 1 — (b> z) =1- (a - 2), hence, by (qM), b > z 
=a—-> Z. 

(ii): By (*’), we obtain: for each z € A, z ~ 6 < z > a and 
z—+a<z-— 0b. Then, by (qAn), 1 > (z > b) = 1-5 (z > a), hence, by 
(qM), z7~ b=z- a4. 


For each x € A, we denote its equivalence class by 
notation 
jc = {ye A | y|| x} 


and we denote by A/ || the quotient set (i.e. the set of all equivalence 
classes): 


notation 
A/|| = {|x| | we A}. 


Note that in the particular case of quasi-MV algebras [17], the equiva- 
lence relation || is denoted by x and the equivalence classes determined by x 
are called clouds; it is proved there (Lemma 19) that each cloud contains 
exactly one regular element. We believe that our notation || is more appro- 
priate, but we shall also use the name “cloud” for an equivalence class; we 
have, for each x € A: 


Cle) =|a | 
We have, more generally: 


Lemma 4.22. If properties (Ex), (L) also hold, then every cloud in a 
quast-ordered algebra (structure) A contains exactly one regular element. 


Proof: First, by (qAA15”’), (qM) + (Re) + (qAn) + (Tr) + (Ex) + 
(L) imply (ql). 

Let C be a cloud, i.e. there exists c € A such that C =| c |. 
elIfce R(A), thenc=1-—c. Let a€C (ie. a|| c) such that a £ c; we 
prove that a ¢ R(A). Indeed, if, by absurdum hypothesis, a € R(A), then 
a=1->a;thena>c=1andc>a=1 imply 17> a=1-¢, by (qAn), 
hence a = c: contradiction. 
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elfc¢ R(A), we putb=1l—-. Tb Se Oa aa 1 


hence b € R(A). 
We prove now that b € C. Indeed, b > c ce ( 


4 ane Ge) =e) Se Sb 


bel cl|=C. 
We prove now that any other element a of C’, such that a ¥ 5, is not a regular 
element. Indeed, if, by absurdum hypothesis, a € R(A), ie. a=1-— a4, 
then, since a || c, it follows that: 

I 
i2@36 = (1 a) > (17> c) =a- band 


Pe iS se Sea: 


hence, by (qAn), 1 > a=1- b, i.e. a= 5b: contradiction. 


1>b) 9 (loco) =dR5 
( 


R 
2) 1, hence 6 || c, ie. 


We define an implication of clouds as follows: for all x,y € A, 
def. 
Jz lly /=|2> y|. 
Then, we have the following expected result: 


Proposition 4.23. If (Ex), (L) also hold, then the quotient algebra 
(A/ ||, 3,| 1 |) ts a regular ordered algebra, isomorphic to (R(A),—,1). 


Proof: Routine, by Lemma 4.22. 


Remarks 4.24. 

(i) Given a finite regular ordered algebra (X,—,1), we can obtain, in 

general, an infinity of finite quasi-ordered algebras: (A1,—>,1), (A2, >, 1), 
. such that R(A1) = R(A2) =... = X, by adding one or more elements 

parallel with some (all) elements of X (see the examples in Section 6). 

We can quickly draw the table of > for such a finite quasi-ordered algebra 

(A, >, 1) with R(A) = X by using either: 

- property (qI), if (Ex), (L) hold or 

- Proposition 4.21, if (*), (**) hold. 

(ii) In particular, given a finite p-semisimple BCI algebra (G, —, 1), 
with n > 2 regular elements, then we cannot obtain any quasi-BCI algebra 
(A, >, 1), such that R(A) = G, by adding elements parallel to m elements 
of G, if 1 <m <n (see Remark 6.5). 


A quasi-order relation < on A will be represented graphically by a 
quasi-Hasse diagram, i.e.: 
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- a regular element is represented by a bullet e, 
- an element parallel with a regular element is represented by a big circ ©, 
- the fact that x < y (ie. e < y and x ¥ y) and there is no z witha <z<y 
is represented by: 
- a line connecting the two points, y being higher than z, if the elements z, y 
are regular, 
- a horizontal line connecting the two points, if the elements x,y have the 
same height (are parallel). 

Consequently, the regular order relation < on R(A) will be represented 
graphically by a Hasse diagram. 


Examples. Let us consider the following two quasi-algebras A, = 
(Ay = {0,z,1},-,1) and Ag = (A2 = {0,2,y,1},-,1) given by the 
following tables of —: 


+|o x 1 sca ee 

Sto o/i i1i11 

Ai Ay S601 I a 

x fil 11 

1/0 01 a ieee Se 2 
1/0 011 


Then the quasi-Hasse diagrams from Figure 2 present for each of the 
quasi-algebras A; and A2 two ways of drawing the diagrams. 
Le. 3 


1 Ho 1 y 
oe I or 

0 x QO x 0 x QO x 
A A 


2 


1 


Figure 2: The quasi-Hasse diagrams of quasi-algebras A, and A2 


The quasi-Hasse diagram is useful for recognizing the properties of a 
quasi-order relation - just as the Hasse diagram is useful for recognizing the 
properties of an (regular) order relation. 


Remark 4.25. If the quasi-algebra (quasi-structure) A is not ordered (i.e. 
it is only reflexive, or reflexive and transitive, or reflexive and quasi-anti- 
symmetric), then we shall use a quasi-Hasse-type diagram, with regular 
elements (parallel or not parallel) represented by a circ o and with the 
parallel quasi-elements represented by a big circ ©. See for example the 
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quasi-Hasse-type diagrams for the examples of quasi-RM algebra and quasi- 
RML algebra from Figures 4 and 5, respectively. 


The theory of quasi-algebras (quasi-structures) will be continued in the 
next papers. 


4.3. Quasi-Subtractive Varieties and 
Quasi-Subtractive Quasi- Algebras 


The quasi-subtractive varieties were introduced in [16] and studied more 
deeply in [15]. 


Definition 4.26. [16] A variety V whose signature o includes a nullary term 
1 and a unary term O is called quasi-subtractive with respect to 1 and O if 
there is a binary term —> of signature o such that V satisfies the equations: 
(Ql) Of) > 2 =1, 

(Q2) 1+ 2=Q(z), 
(Q3) O(@>y)=2r-y, 
(Q4) O(@ > y) > (A(x) > O(y)) = 1. 


According to [16], the variety of quasi-MV algebras is quasi-subtractive, 
witness the terms 2’ @ y, x 60 and 1. According to F. Paoli (in a personal 


e-mail discussion), the variety of quasi-Wajsberg algebras is quasi-subtractive 


for O(x) Aef 1 _, 


Remark indeed, that taking O() te x, then the above equations 


) - (Q4) become: 
Ydo2r)>2r=1, 


Q4#) (1> («> y)) 9 (1 > 2) > > y)) = 1, 
and note that (Q1’) is (qR1), (Q2’) is always true, (Q3’) is (qM) and that 


(Q4’) sel (qR) (see (qA18”), (qAA2), (qAA3)). Hence, we have the 
following result. 


Theorem 4.27. Any variety of quasi-algebras satisfying (qR1) and (qR) 
(besides (qM) and (11-1)) is a quasi-subtractive variety with respect to 1 and 
(x) =1- zg. 


We shall generalize now Definition 4.26 for any quasi-algebra (i.e. veri- 
fying (qM) and (11-1)). 
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Definition 4.28. A quasi-algebra is called quasi-subtractive, if it satisfies 
the properties (qR1) and (qR). 


It is an open problem to find which are the results from the theory of 
quasi-subtractive varieties [16], [15] that remain true for the quasi-subtractive 
quasi-algebras. 


5 New Quasi-Algebras 


Starting from the study of quasi-MV algebras [17] and of their term equi- 
valent quasi-Wajsberg algebras [2] (which verify (qM), (11-1), (Re), (L) - 
among others), we shall begin here the study of quasi-RM algebras and of 
quasi-RML algebras, of quasi-BCI algebras and of quasi-BCK algebras. 


Definition 5.1. Let A = (A,—,1) be an algebra of type (2,0) (or, equiva- 
lently, let A = (A,<,-—,1) be a structure) as before. Then, 

(1) A is a quasi-RM algebra, if quasi-properties (qM) and (Re) hold. 

(2) Ais a quasi-RML algebra, if quasi-properties (qM), (Re) and (L) hold. 


Note that: 
- the quasi-RM algebras and the quasi-RML algebras are quasi-algebras, 
since properties (qM) and (11-1) hold (by Remarks 3.1 (i)); 
- for any proper quasi-RM algebra (quasi-RML algebra) A (i.e. (qM) is 
not (M)), the regular algebra R(A) is a regular RM algebra (RML algebra, 
respectively), by Theorem 2.12. 


Remarks 5.2. 

(i) We shall call the quasi-algebras verifying (Re) and (L) as being of 
order 1. 

(ii) Note that we can define more general algebras if property (qRe) 
or even more, (qRe(1 — 2)), is satisfied, instead of property (Re), and if 
property (qL) or even more, (qL(1 — 2)), is satisfied, instead of property 


(L). 

We shall present now two equivalent definitions of the quasi-algebras: 
quasi-BCI algebras, quasi-BCK algebras. 
5.1 Quasi-BCI Algebras 


Theorem 5.3. Let A = (A,—,1) be an algebra of type (2,0) (or, equiva- 
lently, let A = (A,<,-,1) be a structure) as before. Then, the following 
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two groups of quasi-properties are equivalent: 
(qBCI-1) (BB), (D), (Re), (qM), (qAn) and 
(qBCI-2) (B), (o); (Re), (qM), (qAn). 


Proof: 

(qBCI-1) = > (qBCI-2): It is sufficient to prove that (B), (C) hold. 
Indeed, 
- by (qA00), (gM) ==> (qN); by (qA20), (BB) + (D) + (aN) => (C); 
- by (aA3), (C) + (aM) + (aAn) => (Ex); 
- by (A10”), (Ex) + (BB) => (B). 

(qBCI-2) => (qBCI-1): It is sufficient to prove that (BB), (D) hold. 
Indeed, 
- by (qA3), (C) + (qM) + (qAn) => (Ex); by (A10’), (Ex) + (B) => (BB); 
- by (A4), (Re) + (Ex) => (D). 

Hence, we have the following definition: 


Definition 5.4. Let A = (A,-—,1) be an algebra of type (2,0) (or, equiva- 
lently, let A = (A,<,—,1) be a structure). A is called a quasi-BCT algebra 
(or a gBCTI algebra, for short) if one of the two above equivalent groups of 
properties is satisfied: (qBCI-1) or (qBCI-2). 


Definition 5.5. A quasi-BCI algebra (A,—,1) is p-semisimple if for each 
gz € A, x <1 implies z || 1. 


Note that: 
- a quasi-BCI algebra is a quasi-algebra, since (qM) and (11-1) hold; 
- a quasi-BCI algebra is quasi-subtractive, by (qA18”), (qAA3); 
- if condition (M) holds, then a (p-semisimple) quasi-BCI algebra is a 
(p-semisimple) BCI algebra, by Theorem 4.2 (vi); 
- for any proper (p-semisimple) quasi-BCI algebra A (i.e. (qM) is not (M)), 
the regular algebra R(.A) is a regular (p-semisimple) BCI algebra, by 
Theorem 2.12. 

It remains an open problem to check if the p-semisimple quasi-BCI 
algebras are categorically equivalent with the commutative quasi-groups 
(introduced in [6]), as happens in the regular case. 

We do not develop further this subsection, we let this for future research. 


5.2 Quasi-BCK Algebras 


Theorem 5.6. Let A= (A,—,1) be an algebra of type (2,0) (or, equiva- 
lently, let A = (A,<,—,1) be a structure), as before. Then, the following 
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two groups of quasi-properties are equivalent: 
(qBCK-1) (BB), (D), (Re), (L), (qM), (qAn) and 
(qBCK-2) — (B), (C), (K), (aM), (qAn). 


Proof: 

(qBCK-1) => (qBCK-2): It is sufficient to prove that (B), (C), (kK) 
+ (aM) = (C); 
( 


hold. Indeed, 
- by (qA20’), (BB) + (D) 
- by (qA3), (C) + (qM) + (qAn) => (Ex); 
- by (A8), (Re) + (L) + (Ex) => (K); 
- by (A10”), (BB) + (Ex) = >(B). 

(qBCK-2) = > (qBCK-1): It is sufficient to prove that (BB), (D), (Re), 
(L) hold. Indeed, 
- by (qA7’), (K) + (qM) => (L); 
- by (qA3), (C) + (aM) + (qAn) => (Ex); by (A10’), (B) + (Ex) => (BB); 
- by (qA22), (K) + (Ex) + (qM) => (Re); 
- by (A4), (Re) + (Ex) => (D). 

Hence, we have the following definition: 


D 
) 


a 


Definition 5.7. Let A = (A,—,1) be an algebra of type (2,0) (or, equiva- 
lently, let A = (A,<,-,1) be a structure). A is called a quasi-BCK algebra 
(or a gBCK algebra, for short) if one of the two above equivalent groups of 
properties is satisfied: (qBCK-1) or (qBCK-2). 


Note that quasi-BCK algebras verify all the quasi-properties in List 
qA; indeed, we have (qM(1 — x)), by Theorem 4.2 (ii); (qN), by (qA00); 
(qN(1 > x)), by Theorem 4.2 (iii); (qRe), (qRe(1 — x)), by Theorem 4.2 
(iv); (qL), (qL(1 — x)), by Theorem 4.2 (v); 

(11-1), by (qAA1); (*), by (qA12): (**), by (qA15); (Ex), by (qA3); 
(S), by (AO); (Tr), by (qA14); (#), by (qA27); (#7), by (A28); (aR), by 
(qAA3); (qR1), by (qA18”); (qR2), by (qAA4); (qR3), by (qAA5); (qI1), b 
(qAA7’); (qI2), by (qAA8); (qI3), by (GAA8); (aI), by (qAA9). 

Note that: 

- a quasi-BCK algebra is a quasi-algebra, since (qM) and (11-1) hold; 

- a quasi-BCK algebra is quasi-subtractive, by (qA18”), (qAA3); 

- if condition (M) holds, then a quasi-BCK algebra is a BCK algebra, by 
Theorem 4.2 (vi); 

- for any proper quasi-BCK algebra A (i.e. (qM) is not (M)), the regular 
algebra R(A) is a regular BCK algebra, by Theorem 2.12. 


Quasi-Algebras versus Regular Algebras - Part I 125 


Denote by q(RM, qRML, qBCI, qBCK the classes of quasi-RM 
algebras, of quasi-RML algebras, of quasi-BCI algebras and of quasi-BCK 
algebras, respectively. We have then the expected Hierarchy 2 from Figure 3. 


qRM 
(L) gRML 


qBCI 
qBCK 


Figure 3: Hierarchy 2 


6 Examples of Finite Quasi-Algebras 


6.1 Examples of Quasi-RM and Quasi-RML Algebras 


Example 6.1. Starting from the regular RM algebra A = (A = {a,), 1}, 
—,1) from [9], represented by the Hasse-type diagram from Figure 4 and 
with the table of — given below, we obtain the proper quasi-RM algebra 
A’ = (A’ = {a,b,x,1},-,1), represented by the quasi-Hasse-type diagram 
given also in Figure 4 and with the table of > given below. Note that only 
properties (qM) and (Re) hold; (L) does not hold for a; (Ex) does not hold 
for a,b, a; (qAn) does not hold for a,b; (BB), (**), (B), (*), (Tr) do not hold 
for a,b, 1; (D) does not hold for 1,a. Note that R(A’) = A. 


1 1 1 x 1x 
@) e) 
ba ba b a ba 


A A’ 


Figure 4: The Hasse-type diagram of the regular RM algebra A and the 
quasi-Hasse-type diagram of the quasi-RM algebra A’ 
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Example 6.2. Starting from the regular RML algebra A = (A = {a, b,c, 1}, 
—, 1) from [9], represented by the Hasse-type diagram from Figure 5 and with 
the table of > given below, we obtain the proper quasi-RML algebra A” = 
(A” = {a,b,c,x,1},—-, 1), represented by the quasi-Hasse-type diagram given 
also in Figure 5 and with the table of > given below. Note that properties 
(qM), (Re), (L), (D) hold; (Ex) does not hold for a,b, b; (qgAn) does not hold 
for b,c; (BB), (**) do not hold for a, b,c; (B), (*), (Tr) do not hold for 6, c, a. 
Note that R(A”) = A 


1 x 1 
Lo Te 
b c b Cc 

A A” 


Figure 5: The Hasse-type diagram of the regular RML algebra A and the 
quasi-Hasse-type diagram of the quasi-RML algebra A” 
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6.2 Examples of Quasi-BCI Algebras 


Example 6.3. Starting from the regular BCI algebra A = (A = {a,b, 1}, 
—,1), represented by the Hasse diagram given in Figure 6 and with the 
table of > given below, we obtain the quasi-BCI algebras A! = (A! = 
f{a,b,z,1},-,1), A? = (A? = {a, 6, y,1},, 1), A? = (4? = {a,b, 2, y, 2,1}, 
—,1), represented by the quasi-Hasse diagrams given also in Figure 6 and 
with the corresponding tables of > given below. Note that R(A') = R(A?) = 
RA \ =A, 
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1 1 1 1 Z 
e ol e L. wale 
a b b a b ¥ 


a x bY 


A Ae a A? 
BCl algebra  =qBCI algebra qBCI algebra qBCI algebra 


Figure 6: The BCI algebra A and the quasi-BCI algebras A!, A?, A? 


>|a bl 
all aa 
aie a ae 
lia bi 
>/a bx y zi 
>la bx 1 >|la by 1 a|/lalaaa 
a/j/laétla all aaa bja 1 ail1i1i1 
bia lal bja 1 1 1 x }/1latlaaa 
x }/loatla yja 1 1 1 yja 1lattiil 
lia bail 1lja b bil zila ba bili 
1j/a babii 
A! Ae AB 


Example 6.4. Starting from the regular p-semisimple BCI algebra G3 = 
(Gg = {a,b,1},-,1), represented by the Hasse diagram given in 

Figure 7 and with the table of > given below, we obtain the p-semisimple 
quasi-BCI algebras Gi} = (Gi = {a,b,z,y,z,1},-,1) and G? = (G2 = 
{a,b,x,u,y, z,1},—,1), represented by the quasi-Hasse diagrams given also 
in Figure 7 and with the corresponding tables of > given below. Note that 
R(G}) = R(G3) = Gs. 


e e e nO On an O) —)-O Om aa® 

a b 1 axb yl =z ax u byYyili4z 
G3 G3 G3 

BCI algebra qBCI algebra qBCI algebra 


Figure 7: The p-semisimple BCI algebra G3 and the associated p-semisimple 
qBCI algebras G4, G? 
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Remark 6.5. If we start from the above p-semisimple regular BCI algebra 
G3, having three regular elements, then note that we cannot obtain any 
quasi-BCI algebra by adding elements parallel only to one or two 
of the elements of G3, because the property (BB), for example, is no more 
verified. 


6.3. Example of Quasi-BCK Algebra 


Example 6.6. Starting from the regular BCK algebra A = (A = {a,b, c,d, 1}, 

—,1), represented by the Hasse diagram given in Figure 8 and with the 

table of — given below, we obtain the associated quasi-BCK algebra A! = 

(A! = {a,b,c,d,m,1},,1), represented by the quasi-Hasse diagram given 

also in Figure 8 and with the table of + given below. Note that R(A*) = A. 
1 1 


a b m a b 
A Al 
BCK algebra  quasi-BCK algebra 


Figure 8: The regular BCK algebra A and an associated quasi-BCK algebra, 
Al 


Quasi-Algebras versus Regular Algebras - Part I 129 


Al 


Foaaaoell 
coor olSe 
ola EF KIO 
Qe ee HO 
el 
repo el 
FOrRF FIO 


vp pp | 
ePBaaoell 
TTT Oey OT 
QrePeerP HO 
Creepers 
ee 


a 


Other examples of quasi-BCK algebras will be presented in the next 
papers. 
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